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Motivation for delay-Doppler domain modulation

TF Representation DD Representation
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Delay-Doppler domain modulation
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Delay-Doppler domain modulation

Data grid

l = 0, . . . ,M − 1

Delay dimension

k
=

0
,.
..
,N

−
1

D
o
p
p
le
r
d
im

en
si
o
n

x̂[l, k]

Zak-OTFS Implementation February 20, 2024



Zak-OTFS modulation

Zak-OTFS data signal xdd(τ, ν) in the DD domain
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Illustration of a Zak-OTFS Filtered basis function
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Channel operation in DD domain

Input Signal xdd(τ, ν) DD Channel h(τ, ν)
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Twisted Convolution operation of the Channel
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Twisted Convolution Filtering in the DD domain

Filtering in Zak-OTFS modulation is peformed using a two
dimensional DD domain twisted convolution filter.

Definition

Twisted convolution of two DD functions a(τ, ν), b(τ, ν) is defined as

a ∗σ b(τ, ν) :=

∫∫
a(τ ′, ν ′)b(τ−τ ′, ν−ν ′)ej2πν′(τ−τ ′)dτ ′dν ′.
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Zak-OTFS I/O Relationship

ydd(τ, ν) = gRx ∗σ
(
h ∗σ

(
gTx ∗σ xdd(τ, ν)

))
1

1S. K. Mohammed, R. Hadani, A. Chockalingam, and R. Calderbank, “OTFS - A
mathematical foundation for communication and radar sensing in the delay-Doppler
domain,” IEEE BITS the Information Theory Magazine, vol. 2, no. 2, pp. 36-55, 2022.
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Zak-OTFS I/O Relationship

ydd(τ, ν) = gRx ∗σ h ∗σ gTx ∗σ xdd(τ, ν)
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Zak-OTFS I/O Relationship2

ydd(τ, ν) = gRx ∗σ h ∗σ gTx(τ, ν)︸ ︷︷ ︸
hdd(τ,ν)

∗σ xdd(τ, ν)

2S. K. Mohammed, R. Hadani, A. Chockalingam, and R. Calderbank,
“OTFS-Predictability in the delay-Doppler domain and its value to communication and
radar sensing,” arXiv preprint arXiv:2302.08705, 2023.
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Zak-OTFS Implementation Challenges3

Question (1)

How do you implement the TC filters in the time domain?

Question (2)

How do you generate the time domain signal for transmission?

3S. Gopalam, I. B. Collings, S. V. Hanly, H. Inaltekin, S. R. B. Pillai and P. Whiting,
“Zak-OTFS Implementation via Time and Frequency Windowing,” in IEEE Transactions
on Communications, doi: 10.1109/TCOMM.2024.3366403.
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Type-1 TC Filters

g1(τ, ν) := α(τ)β(ν)

TC Filter
δ(τ)β(ν)

Zs(τ, ν)
TC Filter
α(τ)δ(ν)

g1 ∗σ Zs(τ, ν)

DD domain processing steps
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Type-1 TC Filters

g1(τ, ν) := α(τ)β(ν)

TC Filter
δ(τ)β(ν)

Zs(τ, ν)
TC Filter
α(τ)δ(ν)

g1 ∗σ Zs(τ, ν)

DD domain processing steps

β(ν)
F−ν−−→ B(t); α(τ)

Fτ−−→ A(f)

Time
domain
window
B(t)

s(t)

Frequency
domain
window
A(f)

α(t) ∗ (B(t)s(t))

Equivalent time domain processing steps

Zak-OTFS Implementation February 20, 2024



Result on Type-1 TC Filters
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Type-2 TC Filters

g2(τ, ν) := α(τ)β(ν)ej2πντ

TC Filter
α(τ)δ(ν)

Zs(τ, ν)
TC Filter
δ(τ)β(ν)

g2 ∗σ Zs(τ, ν)

DD domain processing steps

Frequency
domain
window
A(f)

s(t)

Time
domain
window
B(t)

B(t)(α(t) ∗ s(t))

Equivalent time domain processing steps
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Type-1 Transmit Pulsone

φg1l,k(t) =
∑

τ∈{τl+nT}n∈Z

Windowed Tone Sample︷ ︸︸ ︷
B(τ)ej2πνk(τ−τl)

Pulse︷ ︸︸ ︷
α(t− τ)
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Type-2 Transmit Pulsone

φg2l,k(t) =

Windowed Tone︷ ︸︸ ︷
B(t)ej2πνk(t−τl)

Periodic Pulse Train︷ ︸︸ ︷∑
m∈Z

A(m∆f + νk)e
j2πm∆f(t−τl) (1)
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Type-1 Implementation

Zak-OTFS Implementation February 20, 2024



Type-1 Implementation
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Type-2 Implementation
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Type-2 Implementation
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Frequency Domain Comparison
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Frequency Domain Comparison
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Channel Predictability

Data grid
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The pilot response for a location (l◦, k◦) is

hplt[l, k|l◦, k◦] = hdd[l − l◦, k − k◦]

Zak-OTFS Implementation February 20, 2024



Channel Predictability

Data grid
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The pilot response4 for a location (l◦, k◦) is

hplt[l, k|l◦, k◦] = hdd[l − l◦, k − k◦]+∑
(m,n)∈Z×Z−(0,0)

ej2π
ml◦
M e−j2π

nk
N hdd[l − l◦ + nM, k − k◦ +mN ]

4S. K. Mohammed, R. Hadani, A. Chockalingam, and R. Calderbank,
“OTFS-Predictability in the delay-Doppler domain and its value to communication and
radar sensing,” arXiv preprint arXiv:2302.08705, 2023.
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Channel Predictability with Rectangular Windows

(c) For νmax = 3.7 KHz
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Channel Predictability with Rectangular Windows

(d) For νmax = 3.7 KHz (e) For νmax = 7.4 KHz
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Channel Predictability with Root Raised Cosine Windows

(f) Rectangular for νmax = 7.4 KHz (g) RRC for νmax = 7.4 KHz
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Concluding Remarks

We have formulated Type-1 and Type-2 TC filters and showed that
they can be implemented using time and frequency windowing.

We have proposed two practical time domain implementations of
Zak-OTFS that correspond to Type-1 and Type-2 TC filters.

Both our proposed Zak-OTFS implementations have superior
performance over the original MC-OTFS scheme, in terms of
out-of-band emissions and channel predictability.

Type-2 Implementation uses less symbol time and bandwidth overall
compared to Type-1 implementation, and has less out-of-band
emissions.

Type-1 has slightly better channel predictability performance on
account of using more symbol time and/or bandwidth.
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